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SUMMARY 
This r e p o r t  p re sen t s  t h e  results of a t h e o r e t i c a l  inves t iga-  , 
t i o n  of compressible t u r b u l e n t  boundary l aye r  flow wi th  hea t  
t r a n s f e r  and p res su re  g rad ien t .  The ana lys i s  u t i l i z e s  a com- . 
p r e s s i b i l i t y  t ransformation bu t  d i f f e r s  from previous work i n  
t h a t  h igher  order  c l o s u r e  r u l e s  a r e  u t i l i z e d  t o  complete the  
t ransformation.  S p e c i f i c a l l y ,  by requi r ing  t h a t  t h e  momentum ' 
equat ions  i n  d i f f e r e n t i a l  form be s a t i s f i e d  a t  t h e  w a l l  and a t  
t he  sublayer  edge, correspondence ru l e s  a r e  obta ined  which r e l a t e  
t h e  v a r i a b l e  proper ty  (VP) flow of in te res t  t o  a cons t an t  proper ty  
(CP) flow i n  which mass t r a n s f e r  and pressure  g rad ien t  occur 
simultaneously.  To implement t h i s  approach a new CP formulation 
i s  developed which includes both of these e f f e c t s .  
program based on these  formulat ions,  toge ther  wi th  a Crocco 
integral rep resen ta t ion  fo r  the energy  f i e l d ,  i s  developed. 
Details of the C P  a n a l y s i s  and t h e  computational procedures a r e  
presented  i n  companion documents. Numerical  r e s u l t s  f o r  a v a r i e t y  
of cases  a r e  presented i n  t h i s  repor t .  Comparisons wi th  e a r l i e r  
forms of t h e  t ransformation and wi th  experiment are a l s o  included,  
For  t h e  zero p re s su re  g rad ien t  case  some d i f f e r e n c e s  between t h e  
var ious  p r e d i c t i o n s  are observed. However, f o r  t h e  s e v e r a l  p ress -  
u re  g r a d i e n t  cases which a r e  examined, the  r e s u l t s  obtained a r e  
found t o  be e s s e n t i a l l y  i d e n t i c a l  t o  those given by f i r s t  o rde r  
c losu re  r u l e s ;  i.e., by a form of t ransformation which relates 
t h e  V P  flow t o  a C P  flow wi th  pressure g r a d i e n t  b u t  zero mass 
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CALCULATION OF TURBULENT BOUNDARY LAYERS WITH 
HEAT TRANSFER AND PRESSURE GRADIENT U T I L I Z I N G  A 
COMPRESSIBILITY TRANSFORMATION 
PART I: SUMMARY REPORT 
By C. Economos and J. Boccio 
General Applied Science Laboratories,  Inc .  
, 
I. INTRODUCTION 
I n  a s u p e r f i c i a l  s e n s e ,  t h e  o v e r a l l  o b j e c t i v e  of  t h e  c u r r e n t  
i n v e s t i g a t i o n  i s  i d e n t i c a l  t o  t h a t  of previous work repor ted  i n  
Reference 1. That is ,  both inves t iga t ions  address  themselves 
t o  the same problem a rea  (VP tu rbulen t  boundary l a y e r s )  and both  
u t i l i z e  a "compress ib i l i ty  t ransformation" approach t o  t r e a t  t h i s  
problem. Nevertheless,  t h e  ob jec t ives  d i f f e r  i n  a very s i g -  
n i f i c a n t  way s i n c e  t h e  p re sen t  i nves t iga t ion  i s  p a r t i c u l a r l y  
concerned wi th  development of  a more s e l f - c o n s i s t e n t  form of 
t ransformat ion  which e l imina te s  some of t h e  anomalous behavior 
observed i n  t h e  earlier w o r k .  
For a complete r e v i e w  of  these  d e f i c i e n c i e s ,  t h e  reader  is 
r e f e r r e d  t o  Reference 1. For t h e  present  purpose, it s u f f i c e s  
t o  say t h a t  a major po r t ion  of  the work t o  be descr ibed  here  
involved development of a more general  form of  t ransformation 
which would al low in t roduc t ion  of an a d d i t i o n a l  f r e e  parameter. 
A s  o u t l i n e d  i n  Reference 2 ,  such a g e n e r a l i z a t i o n  would 
imply a correspondence between the genera l  V P  flow case,and a 
CP flow wi th  m a s s  t r a n s f e r  and pressure g rad ien t  such t h a t ,  
even f o r  t h e  zero pressure  grad ien t  V P  case,  both mass t r a n s f e r  
and p res su re  g rad ien t  would p e r s i s t  i n  t h e  C P  flow. Such a 
r e s u l t  appears t o  be a t t r a c t i v e  a p r i o r i  s i n c e  mechanisms are 
thereby  introduced which might be expected t o  compensate f o r  
t h e  two m o s t  s t r i k i n g  d e f i c i e n c i e s  observed i n  t h e  t ransformation;  
namely d i s t o r t i o n  of t h e  wake por t ion  of t h e  v e l o c i t y  p r o f i l e .  
(Reference 3 )  and overest imat ion of s k i n  f r i c t i o n  c o e f f i c i e n t  8 t  
based, f i r s t  of a l l ,  on t h e  demonstrated improvement i n  s k i n  
f r i c t i o n  p r e d i c t i o n  ( R e f e r e n c e  2 )  which has  been achieved f o r  
, high  h e a t  t r a n s f e r  r a t e s  (Reference 4 ) .  This expec ta t ion  is 
t h e  high heat  t r a n s f e r  case  by use of a form of t ransformation 
which r e l a t e s  cons tan t  pressure  V P  flow wi th  h e a t  t r a n s f e r  t o  
constant pressure  CP flow wi th  mass t r a n s f e r .  So f a r  a s  t h e  
wake d i s t o r t i o n  is concerned, no corresponding development has  
been reported.* Nevertheless ,  s i n c e  t h e  wake d i s t o r t i o n  can 
q u a l i t a t i v e l y  be  a s soc ia t ed  wi th  the ex i s t ence  of a pressure  
gradient  ( c . f . ,  Reference 3 )  , it may be a n t i c i p a t e d  t h a t  t h e  
form of t ransformation proposed h e r e  w i l l  s imultaneously provide 
.improvement i n  both a r e a s  of concern. 
a I n  order t o  e x p l o i t  t h e  proposed modif icat ion it is nec- 
'essary,  of course, t o  have a v a i l a b l e  a s u i t a b l e  C P  formulat ion 
which descr ibes  tu rbu len t  boundary l a y e r  development under t h e  
inflhence of both mass t r a n s f e r  and p res su re  g rad ien t .  A t  t h e  
inception of t h i s  program such a formulat ion did not  e x i s t  and one 
has been developed during t h e  c u r r e n t  study. The d e t a i l s  of t h i s  
development, including p resen ta t ion  of numerical r e s u l t s  and c o m -  
par isons with experimental  d a t a ,  a r e  given i n  Pa r t  I1 of t h i s  
r epor t .  Subsequent t o  t h i s  development, a s i m i l a r  a n a l y s i s  was 
carried ou t  by o the r  i n v e s t i g a t o r s  (Reference 5 ) .  Comparison 
of the t w o  methods is  a l s o  included i n  t h e  aforementioned com- 
panion document. 
The ma te r i a l  presented i n  the subsequent s e c t i o n s  i s  
s t ruc tu red  a s  follows. F i r s t ,  t h e  modified c losu re  r u l e s  which 
provide the des i r ed  correspondence a r e  derived. W e  n o t e  here  
t h a t  t w o  types a r e  considered,  one of which i s  r e j e c t e d  on t h e  
grounds t h a t  it doesno t  e x h i b i t  uniformly v a l i d  behavior f o r  
l i m i t i n g  cases .  Development of the working equat ions i s  then  
out l ined  with most of t h e  a l g e b r a i c  d e t a i l  e i t h e r  presented i n  
t h e  Appendices o r  omit ted completely by c i t i n g  appropr i a t e  
references where such d e t a i l  has prev ious ly  been presented.  
F i n a l l y ,  a s e r i e s  of numerical r e s u l t s  i s  presented and com- 
pared with appropr ia te  experimental  da ta  and w i t h  p r e d i c t i o n s  
due t o  e a r l i e r  forms of t ransformation.  These r e s u l t s  include 
zero and a r b i t r a r y  p re s su re  g rad ien t  ca ses  both w i t h  and without 




I n  Reference 2 ,  an empir ica l  c o r r e c t i o n  i s  developed t o  account 
f o r  t h i s  e f f e c t .  However, t h i s  does not r ep resen t  a se l f -  
cons i s t en t  modif icat ion of t h e  compress ib i l i t y  t ransformation 
i tself .  
11. SYMBOLS 
A l l  ... A64 See Eq. (33) and Appendix B 
A i j  
Ai 
See Eq. (34) 
See Eq. (46) 
C 2 ,  C3, C4, C 8  See Eq. (33) and Appendix B 
See Eq. (34) and (46) 
'i 
c z  
f '  f 
CP  func t iona l  forms: see P a r t  I1 
See Eq. (14) I (21 )  and (26) 
Fi 
Gi 
See Eq. (36) and (391 
- Hi 
H i  H 6 * / 6 1  s'*/e' 
C P  l a w  of t h e  wal l  cons tan ts :  see P a r t  I1 k11k2 
.e re ference  length 
M Mach number 
H 
m e See Eq. (31) 
- 
pressure  PI P 
PI F See Eq. (14) 
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See Eq. (14) 
viscosity exponent U 
isentropic exponent Y 
r See Appendix C 
6 ,  s boundary layer thicknesses (.995 ue8 -995 
displacement thicknesses 
e 
the transformation parameters 
4 
N 
rl P e d P  
e ,  e' momentum th icknesses  
See Eq. (54) and Appendix D 
CP  func t iona l  forms - see Par t  I1 AI* A2 
P *  ii molecular v i s c o s i t i e s  
C P  wake parameter, see Eq. (67)  and (68) n 
dens it ies  
- 
c 
shear  stress (including Reynolds stresses) 
Y see Appendix C 
stream funct ions  a$/ay = pu : a@/ax = p v - ~v w w  ' -- -- - -  
a$ai; = PU ; aIC,/aG = p ~ w  - v 





e x t e r n a l  condi t ions 
i n i t i a l  values  
sublayer  edge condi t ions 
w a l l  condi t ions  
5 
Super sc r ip t s  
( - )  var i ab le s  0% the  CP flow 
( 1 '  d i f f e r e n t i a t i o n  w.r.  t x 
(1) 
(V*), * evaluat ion a t  -~7 j *=0 .5  (see Pa r t  113 
evaluat ion a t  7j = 1 
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111. ANALYSIS 
A. General Considerations 
Most of t he  d e t a i l e d  development of t he  o r i g i n a l  Coles '  com- 
p r e s s i b i l i t y  t ransformation (Reference 6) has been worked out  
many t i m e s  (c . f . ,  References 1, 7 and 8) and need not  be repeated 
he re ,  For t h e  p re sen t  purpose, it s u f f i c e s  t o  note  t h a t  by 
in t roduc t ion  of t h r e e  x-dependent s t r e t c h i n g  parameters,  ,$,r),o, 
f o r  t h e  x and y coord ina tes  and t h e  stream funct ion  @, a VP flow 
wi th  f l u i d  dynamic behavior descr ibed by 
m+&E = o  
ax a Y  
-- ; c  transformed t o  a companion CP flow given b y  
T o  ob ta in  c losu re  ( i .e. ,  t o  complete t h e  t ransformation)  s u f f i c i e n t  
r e s t r a i n t s  mus t  be imposed t o  def ine not  only t h e  t ransformation 
parameters,  5 ,  q and 0, but  t h e  pressure  g rad ien t  t e r m  as/& s i n c e  
t h i s  must be considered a s  an  unknown i n  t h i s  formulation. I f  
mass t r a n s f e r  i s  involved, t h e  C P  t r a n s p i r a t i o n  rate i G w  is an 
a d d i t i o n a l  unknown requ i r ing  s t i l l  another r e s t r a i n t ,  Thus, f o r  
t h e  most genera l  ca se  a t o t a l  of f i v e  r e l a t i o n s  are requi red  t o  
achieve c losu re .  
Up u n t i l  t h e  present  t i m e  t h i s  more genera l  case has  not been 
worked o u t  i n  d e t a i l  a l though i n  Reference 2 a poss ib l e  genera l  
I procedure was ou t l ined .* In  coles' o r i g i n a l  work, c losu re  f o r  t h e  
I 
* The g e n e r a l  case  has  a l s o  been examined by L e w i s  (Ref. 9) bu t  
from a somewhat d i f f e r e n t  po in t  of view. 
ences  and s imi l a r i t i e s  of t h e  two approaches may be found i n  R e f .  2. 
A discuss ion  of t h e  d i f f e r -  
7 
spec ia l  case of zero pressure  g rad ien t  and zero t r a n s p i r a t i o n  i n  
both planes w a s  achieved by (a )  s a t i s f y i n g  Equations ( 2 )  and 
(4) a t  t h e  o u t e r  edge of t h e  boundary layer ,  (b) s a t i s f y i n g  
i n t e g r a l s  of t hese  equat ions from t h e  w a l l  t o  t h e  edge, and 
( c )  invoking t h e  so-cal led sub-s t ruc ture  hypothesis  which 
assumes t h e  invar ience ,  under t h e  t ransformat ion ,  of  a cha rac t e r -  
i s t i c  Reynolds number based on average thermodynamic p r o p e r t i e s  
within t h e  viscous l aye r .  Libby and Baront i  (Reference 8) 
examined t h e  pressure  g rad ien t  case  bu t  wi th  zero mass t r a n s f e r .  
They a l s o  employed ( a )  and (b)  bu t  rep laced  (c) wi th  t h e  sub- 
l aye r  hypothesis which eva lua te s  t h e  c h a r a c t e r i s t i c  Reynolds 
number a t  t h e  sublayer  edge. The f o u r t h  r e s t r a i n t  r equ i r ed  t o  
achieve c losu re  i n  t h i s  case  w a s  ob ta ined  by s a t i s f y i n g  
Equations ( 2 )  and (4) a t  t h e  wa l l .  Economos (Reference 7 )  con- 
s idered t h e  mass t r a n s f e r  case  wi th  zero pressure  g rad ien t .  
Closure was achieved i n  a manner s i m i l a r  t o  t h a t  of Reference 8 
but with t h e  blowing r a t e  pvw rep lac ing  a:/& a s  an unknown. 
With t h e  exception of t h e  sub-layer (or  substructure)hypo-  
t h e s i s ,  a l l  of t h e  r e s t r a i n t s  u t i l i z e d  by t h e  var ious i n v e s t i g a t -  
ors can be thought of a s  "compat ib i l i ty"  condi t ions  on t h e  
various unknown parameters which a s s u r e  s a t i s f a c t i o n  of t h e  
descr ibing equat ions a t  s p e c i f i e d  p o i n t s  i n  t h e  flow regime. Any 
number of such condi t ions  can be set  down i n  a v a r i e t y  of ways 
so t h a t ,  i n  p r i n c i p l e ,  a d d i t i o n a l  f r e e  parameters could be 
introduced wi th  closure s t i l l  being poss ib l e .  For example, t h e  
approach used i n  Reference 2 t o  t r e a t  t h e  case of simultaneous 
mass t r a n s f e r  and p res su re  and p res su re  g rad ien t  proposed u t i l i z -  
ing the  f i r s t  d e r i v a t i v e s  of Equations ( 2 )  and (4)  eva lua ted  a t  
t h e  wall  t o  achieve c losure .  A l t e r n a t e l y ,  Equations ( 2 )  and (4) 
could be evaluated a t  p o i n t s  o the r  than t h e  wa l l ;  a t  t h e  sub- 
l a y e r  edge, say. 
The po in t  of v i e w  enumerated above implies  non-uniqueness of 
so lu t ion  t o  t h e  problem of i n t e r e s t .  Thus, t o  a s s e s s  t h e  usefu l -  
ness  of any p a r t i c u l a r  choice,  t h e  e n t i r e  formulat ion must be 
developed and implemented t o  t h e  p o i n t  where p r e d i c t i o n  of t u r -  
bu len t  boundary l a y e r  behavior can be generated and compared wi th  
experiment. I n  t h e  next s e c t i o n ,  two such p o s s i b i l i t i e s  a r e  
examined i n  d e t a i l .  These include t h e  use of  t h e  f i r s t  d e r i v a t i v e s  
of Equations ( 2 )  and (4)  eva lua ted  a t  t h e  w a l l  which w i l l  be 
r e f e r r e d  t o  a s  "c losure  by w a l l  compa t ib i l i t y . "  It w i l l  be shown 
t h a t  t h i s  p a r t i c u l a r  choice i s  u n s a t i s f a c t o r y  by v i r t u e  of non- 
uniformly v a l i d  behavior f o r  l i m i t i n g  cases  of zero  mass and hea t  
a 
t r a n s f e r  and zero p re s su re  g rad ien t .  The second choice involves  
s a t i s f y i n g  Equations ( 2 )  and (4) a t  the  sublayer  edge. This  
w i l l  be denoted by “c losure  by co l loca t ion .”  I t  is found t h a t  
t h i s  second choice y i e l d s  w e l l  behaved s o l u t i o n s  f o r  a l l  ranges 
of condi t ions .  
B. The Second Order Closure Rela t ions  
Closure by Wall Compatibi l i tg .  - The s t a r t i n g  po in t  for 
de r iv ing  t h e  c losu re  r e l a t i o n s  is Equations ( 2 )  and (4) toge ther  
w i th  c e r t a i n  r e l a t i o n s  between t h e  VP and CP flow parameters 
which fol low from t h e  b a s i c  t ransformation r u l e s .  The p e r t i n e n t  
r e s u l t s ,  taken from Reference 1, a r e  
(E)w = p, & (&) 
p a  a y w  
Consider now Equation (2) evalua ted  a t  y = 0. There r e s u l t s  
w h e r e  mass t r a n s f e r  i n  t h e  VP plane a s  r e f l e c t e d  by t h e  c o e f f i c i e n t  
pwvw has been included f o r  gene ra l i t y  and it has been recognized 
t h a t  i n  t h e  v i c i n i t y  of t he  w a l l  the shear  t a k e s  on a laminar 
form. Carrying o u t  t h e  ind ica t ed  d i f f e r e n t i a t i o n  l eads  t o  
where w e  have used t h e  Euler r e l a t i o n  I>eUedue/dx = - dp/dx. 
t h e  same procedure i s  app l i ed  t o  Equation (4)  t h e r e  r e s u l t s  
I f  
9 
which i s  i d e n t i c a l  i n  form t o  Equation (9) except - t h a t  t h e  
v i scos i ty  d e r i v a t i v e  vanishes  s i n c e , f o r  CP flow, y, is  a cons t an t .  
W e  now note t h a t  t h e  r e l a t i o n s  ( 5 ) ,  (6), and (8) imply 
which permits e l imina t ion  of  t h e  second d e r i v a t i v e s  appearing 
i n  Equations (9)  and (10) .  There r e s u l t s  
where we have recognized t h a t  the  wa l l  shear  is r e l a t e d  t o  the 
ve loc i ty  f i e l d  by 
I n  t h e  fu r the r  development it w i l l  be assumed t h a t  t h e  thermo- 
dynamics can be r e l a t e d  t o  the  v e l o c i t y  f i e l d  by means of a Crocco 
i n t e g r a l .  Accordingly, we  can w r i t e  
Then Equation ( 1 2 )  can be  w r i t t e n  
- - 
Z - P = Z - P + G1 
W 
10 
where t h e  following d e f i n i t i o n s  have been introduced 
- 2 z = (7) 
f C 
N 
and t h e  remaining parameters U , cf ,  p ,  etc., have been def ined 
i n  t h e  L i s t  of Symbols. 
Equation (14) a r e  of t h r e e  types ;  terms propor t iona l  t o  an in-  
j e c t i o n  rate (Z, E), terms proport ional  t o  v e l o c i t y  g rad ien t s  
(P, F) ,  and a t e r m  GL which depends s o l e l y  upon t h e  thermodynamics 
of t h e  VP f l u i d .  
Note f h a t  the terms appearing i n  
It is 11-ful a t  t h i s  po in t  to  show how s p e c i a l  forms of 
Equation (14) have been u t i l i z e d  by other  i n v e s t i g a t o r s  t u  uhtcrin 
c losure .  I n  add i t ion ,  t h e  e f f e c t  of t h e  f l u i d  thermodynamics on 
t h e  CP flow behavior w i l l  a l s o  be examined q u a l i t a t i v e l y .  The 
l a t t e r  is best accomplished by considering a s p e c i f i c  thermo- 
dynamic system i n  order  t o  eva lua te  e x p l i c i t l y  t h e  parameter G 
For t h i s  purpose we assume t h a t  t h e  C P  f l u i d  is a p e r f e c t  gas 
with an exponent ia l  viscosi ty- temperature  r e l a t i o n  and Unity Prandt l  
number. I t  is  f u r t h e r  assumed, f o r  the case  of i n j e c t i o n ,  t h a t  the 
i n j e c t a n t  gas is i d e n t i c a l  t o  the  ex terna l  f l u i d .  
i n t e g r a l  f o r  t o t a l  enthalpy implies 
l W *  
Then t h e  Crocco 
- (1-a) ( 1 - W )  
G1 - W W 
where a denotes  t h e  v i s c o s i t y  exponent ( f o r  most gases  a e 1) and 
W i s  t h e  temperature r a t i o  Tw/Tte. Evidently,  f o r  t he  a d i a b a t i c  
wa l l  case  (W = l ) ,  Equation (15) i m p l i e s  t h a t  GI,= 0 while  f o r  hea t  
t r a n s f e r  t o  t h e  su r face  ( W e l ) ,  GI, > 0. 
special case a = 1 ( i .e* ,  a l i n e a r  v i s c o s i t y  temperature r e l a t i o n )  
Note however, f o r  t h e  
= 0. 
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Now consider  t h e  s p e c i a l  ca se  2 = Z = 0, which is the  flow 
configurat ion examined i n  References 1 and 8. The c l o s u r e  
r e l a t i o n  becomes, from Equation (14) 
- 
G I W  
P = P -  
which implies some i n t e r e s t i n g  p o s s i b i l i t i e s  i n s o f a r  a s  t h e  C P  
pressure g rad ien t  is concerned when a # 1. I t  is apparent ,  f o r  
example, t h a t  does not  vanish when P = 0 except for the adia-  
b a t i c  wall  case. I t  is  a l s o  poss ib l e ,  of course,  t o  achieve t h e  
case  E 0 by consider ing a VP flow where P - 
t h i s  corresponds t o  a phys i ca l ly  rea l izable  conf igura t ion  i s  not  
known a t  t h i s  t i m e  and w i l l  no t  be considered f u r t h e r .  
= 0; whether 
G I W  
The most r e l evan t  p o s s i b i l i t y ,  f o r  t h e  p re sen t  purpose,  is 
t h e  s i t u a t i o n  corresponding t o  V P  f l o w  wi th  h e a t  t r a n s f e r  and 
zero pressure  g rad ien t .  This  i s  of p a r t i c u l a r  i n t e r e s t  he re  i n  
view of t h e  fact  t h a t  much of t h e  anomalous behavior exh ib i t ed  
by e a r l i e r  forms of t h e  t ransformat ion  has  been a s soc ia t ed  wi th  
experimental d a t a  obtained under such condi t ions .  
From Equation (16) wi th  P = 0 w e  note t h a t  
- >  < 
P = < 0 when G > 0.  
1, 
That i s ,  wi th  hea t  t r a n s f e r  t o  t h e  wet ted su r face  (Glw> O ) ,  t h i s  
p a r t i c u l a r  c l o s u r e  r u l e  implies  t h e  ex i s t ence  of  adverse pressure  
grad ien t  (p c 0 )  i n  the  CP plane,  while  f o r  t he  "hot  wal l"  case 
(GI, < 0 ) a f a v o r a b l e  p re s su re  g r a d i e n t  occurs.  The f i r s t  of t h e s e  
r e s u l t s  appears t o  be q u a l i t a t i v e l y  incons i s t en t  w i t h  observa t ion ,  
s i n c e ,  a s  po in ted  out  i n  Reference 3 ,  t h e  d i s t o r t i o n  of the wake 
component i s  such a s  t o  imply a favorable  pressure  g rad ien t .  N o t e  
however t h a t  t h i s  d i s t o r t i o n  has  been observed even f o r  a d i a b a t i c  
f l o w  for  which t h i s  p a r t i c u l a r  formulat ion y i e l d s  no effect .  
A somewhat p a r a l l e l  s i t u a t i o n  occurs  f o r  flow wi th  mass 
t r a n s f e r  bu t  zero pressure  g r a d i e n t  as t r e a t e d  i n  Reference 7. 
The c losure  r e l a t i o n  i n  th i s  case  w a s  taken t o  be 
which follows from Equation (14) when I; = P = 0. I t  is now easy 
t o  see how t h e  use of two d i f f e r e n t  c l o s u r e  r u l e s  y i e l d s  d i f f e r e n t  
so lu t ions  f o r  t he  same phys ica l  problem. That is ,  t h e  zero m a s s  
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t r a n s f e r ,  zero  pressure  g rad ien t ,  VP case can be a s soc ia t ed  e i t h e r  
t o  a CP f l o w  wi th  pressure  g rad ien t  given by 
o r  wi th  cons t an t  p re s su re  flow w i t h  t r a n s p i r a t i o n  (or  suc t ion )  
given by 
- 
Z = G  
l W  
The second of t h e s e  formulat ions,  of course,  con t r ibu te s  nothing 
i n  t h e  way of expla in ing  t h e  wake d i s t o r t i o n .  However, as 
demonstrated i n  Reference 2, it can improve s k i n  f r i c t i o n  pre- 
d i c t i o n  f o r  t h e  co ld  w a l l  case G 1  
t h a t  some in te rmedia te  combination of t h e s e  e f f e c t s  would provide 
improvement i n  both a r e a s ,  which is, of course,  the motivat ion 
for  t h e  c u r r e n t  i n v e s t i g a t i o n .  
> 0. It might be a n t i c i p a t e d  
W 
Returning now t o  t h e  genera l  problem,we r e q u i r e  an a d d i t i o n a l  
r e l a t i o n  involving t h e  parameters and 2. H e r e  w e  b t i l i z e  the 
"secenc? wall compa t ib i l i t y"  r e l a t ion  obtained by d i f f e r e n t i a t i n g  
Fln_imtions (2 )  and (4) w i th  r e spec t  t o  y and T ,  r e spec t ive ly ,  
and eva lua t ing  t h e s e  a t  y ,  y = 0. 
This  procedure y i e l d s  
But Equations (5) and ( 6 )  imply t h e  following r e l a t i o n  between 
t h e  t h i r d  d e r i v a t i v e s :  
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Now combine these  l a s t  t h r e e  equat ions  t o  ob ta in  
where w e  have a l s o  u t i l i z e d  ( 7 )  , (8) , and (13) .  To proceed, it 
i s  necessary t o  r e l a t e  t h e  l a s t  t e r m  on t h e  right-hand-side of 
Equation (20 )  t o  t h e  v e l o c i t y  f i e l d .  Using Equation (13) it i s  
easy t o  show t h a t  
and 
a 
l a  a G  l a  a< 2 =-(44) (-) +-(W) (-) 
pw a~ w pw a u  w a? w pw au2 w ay w 
The second d e r i v a t i v e s  can then  be e l imina ted  a s  before  y i e l d i n g  
the  des i red  r e s u l t  which is  
where 
Note t h a t  a l l  of t h e  G j ' s  depend only  on f l u i d  thermodynamics. 
wi th  the  term GI 
spec i f i ed  flow parameters according t o  
As 
they  can a l s o  be expressed i n  t e r m s  of 
W *  
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- 1-w 
G2 - - a -  W 
1-w = (4-3a) w 
G3 
(y-1) M t / 2  l-w 2(l-a) 
G4 W W 1+ (y-1) M:/2 = (l+a-a”) (-1 - 
It is i n t e r e s t i n g  t o  note  t h e  Mach number dependence 
t h e  f a c t  that  it does no t  necessa r i ly  vanish f o r  t h e  
case.  
of G4 and 
a d i a b a t i c  
Equations (14) and (21)  represent  t h e  two a d d i t i o n a l  re- 
s t r a i n t s  requi red  t o  t r e a t  t h e  general  VP problem involving both 
m a s s  t r a n s f e r  and pressure  grad ien t .  They should,  however, be 
equa l ly  app l i cab le  and uniformly va l id  f o r  l i m i t i n g  cases  
(i.e., Z 4 0,  P -, 0, W -, 1). I n  order t o  examine t h i s  l i m i t i n g  
behavior it is convenient t o  introduce some new nota t ion .  L e t  
Z = 0; then  Equation (21)  reduces t o  
where 
G 5 = G G  + G 4  2 3  
Severa l  l i m i t i n g  cases  can now be  considered as  i temized i n  
Table I. The f i rs t  e n t r y  t h e r e i n  corresponds t o  t h e  zero pressure  
g r a d i e n t  a d i a b a t i c  wa l l  case.  From Equations (15) and (23) it 
fol lows tha t  G1 = G3 = 0 as has  been ind ica t ed .  Equations (24) 
and (26) imply vha t  G5 f 0 (assuming Me # 0 ) .  
Equations (14) and (25) imply 
I n  t h i s  circumstance 
- 
z - P = o  
The only  way i n  which t h e s e  equations can be s a t i s f i e d  simultan- 
eous ly  is  f o r  and both t o  be i n f i n i t e l y  l a r g e  which i s  c l e a r l y  
unacceptable  f r o m  both a phys ica l  and computational p o i n t  of view. 
This  i r r e g u l a r  behavior could be suppressed by tak ing  the v i s c o s i t y  
exponent t o  be  un i ty .  The r e s u l t i n g  s i t u a t i o n  i s  ind ica t ed  by t h e  
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second en t ry  i n  Table I. 
n e i t h e r  one is  e x p l i c i t l y  def ined.  Even i f  w e  cons ider  t h i s  an 
acceptable s i t u a t i o n ,  t h e  i r r e g u l a r  behavior has  not  r e a l l y  been 
eliminated. This is demonstsated by t h e  t h i r d  e n t r y  wherein 
the  ad iaba t i c  case with non-zero p res su re  g rad ien t  i s  considered. 
Again, it i s  found t h a t  i n  o rde r  t o  s a t i s f y  t h e  c l o s u r e  r e l a t i o n s  
(14) and ( 2 5 ) ,  both z and must t ake  on i n f i n i t e l y  l a r g e  values. 
I n  t h i s  ca se  we  f i n d  t h a t  2 = b u t  t h a t  
I n  v i e w  of t hese  r e s u l t s  it i s  concluded t h a t  a c o n s i s t e n t  se t  of 
. c losure  r u l e s  cannot be obtained i n  t h i s  manner, a t  leasiz f o r  t h e  form 
of transformation u t i l i z e d  here  (e .q . ,  E q s .  ( 5 ) ,  (6)  and (8). Accordingly, 
an a l t e r n a t e  approach is required and t h i s  i s  discussed i n  t h e  next  
s ec t ion .  
Closure by Collocat ion.  - I n  t h i s  approach Equation (14) 
i s  a l s o  u t i l i z e d .  However, Equation ( 2 1 )  i s  replaced by s a t i s f y -  
ing Equations ( 2 )  and (4) a t  t h e  sublayer  edge. This would y i e l d  
where subsc r ip t  s i n d i c a t e s  t h a t  t h e  v a r i a b l e s  have been eva lua ted  
a t  t h e i r  r e spec t ive  sublayer  edge. I n  order  t o  be c o n s i s t e n t  wi th  
t h e  C P  formulation, however, t h e  following approximations a r e  
appropriate  : 
By analogy we assume t h a t  s i m i l a r  approximations a r e  appropr i a t e  
f o r  t h e  VP flow. P, and 
t h a t  a t  the sublaver edae t h e  shear  i s  due s o l e l v  t o  laminar v i s c o s i t y ,  
Equations ( 2 7 )  and (28)  reduce t o  
Thus i f  it i s  f u r t h e r  assumed t h a t  ns 
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By u t i l i z i n g  r e l a t i o n s  s i m i l a r  t o  Equation (11) and (13) and 
e l imina t ing  the second d e r i v a t i v e s  between t h e s e  l a s t  two 
equat ions,  there i s  obta ined  - 




For t h e  f u r t h e r  development it i s  convenient t o  express  t h e  
laminar shear  ?s i n  t e r m s  of o t h e r  v a r i a b l e s  of t h i s  formulation. 
For t h i s  purpose we can use Equation (10) of P a r t  I1 of t h i s  
r e p o r t  t o  show t h a t  
where denotes the v e l o c i t y  r a t i o  occur r ing  a t  t h e  edge of t h e  
sublayer .  W e  w i l l  a l s o  r e s t r i c t  fu r the r  cons idera t ion  t o  t h e  
case  of zero  mass t r a n s f e r  i n  the V P  plane.  Accordingly, t h e  
desired c losu re  r e l a t i o n s  become 
S 
- 
Z - -  
l+G z - GIs 
S 
would be GIS where, t o  be c o n s i s t e n t  wi th  Equation (15 ) ,  expressed a s  
N N  
(l-W) +2m u 
- e s  
G1 - W + ( l . - W ) U  +R TI 




Qua l i t a t ive ly ,  Equations (29 )  and (30) appear t o  be w e l l  behaved 
f o r  a l l  condi t ions  o f  i n t e r e s t .  W e  no te  e s p e c i a l l y  t h a t  even 
f o r  zero pressure  g rad ien t  a d i a b a t i c  flows n e i t h e r  z nor e 
vanish which would c e r t a i n l y  be t h e  type  of  e f f e c t  being sought 
here .  Note a l s o  t h a t  a s  M -+ 0 and W 1, there i s  obtained - e 
Z = 0 ,  = P which implies  tha t  t h e  system reduces uniformly t o  
t h e  CP problem as  it should. 
A more q u a n t i t a t i v e  assessment of t h e  genera l  behavior of 
t h e s e  r e l a t i o n s  is not  poss ib l e  without f u l l  implementation of 
t h e  e n t i r e  formulation. T h i s  is due t o  t h e  f a c t  t h a t  t h e  v e l o c i t y  
r a t i o  i is a funct ion,  no t  only of z, bu t  of t h e  CP  sk in  f r i c -  
t i o n  cogff i c i e n t  a s  w e l l .  Nevertheless ,  some rep resen ta t ive  
r e s u l t s  have been generated f o r  t h e  zero  pressure  g rad ien t  ca se  
by considering 
a vary over reasonable range of i n t e r e s t  and eva lua te  tge 
corresponding values  of  z' f r o m  
N 
a s  a parameter. That i s ,  w e  l e t  W, M , us and 
S 
- GIS z =  1-G GI 
s s  
which follows d i r e c t l y  from Equation ( 3 0 ) .  Some r e p r e s e n t a t i v e  
r e s u l t s  of t h i s  procedure are  shown i n  Figures  1 and 2 .  Figure 
shows the  e f f e c t  of Mach number and w a l l  temperature r a t i o  a t  a 
1 
- 
f i x e d  value of  a wi th  t h e  v e l o c i t y  r a t i o  ';I 
Figure  2 ,  u is maintained cons t an t  w i th  a taken a s  t h e  parameter. 
A s  may be ngted, Equation ( 3 2 )  is  w e l l  behaved throughout a wide 
range of a l l  of t h e  parameters even up t o  and inc luding  i n f i n i t e l y  
l a r g e  Mach numbers and vanish ingly  s m a l l  w a l l  temperatures.  By 
c o n t r a s t ,  t h e  f i rs t  order  c losu re  r u l e  represented  by Equation 
(191, which inc iden th l ly  does not  include any Mach number depend- 
ence, exh ib i t s  s ingu la r  behavior when W -, 0 as may be seen by 
examining Equation (15) . 
as a parameter. I n  
N S 
Super f i c i a l ly ,  it would appear tha t  t h e  second o rde r  c losu re  
r u l e s  derived here  represent  a means f o r  r e so lv ing  a l l  of t h e  
d i f f i c u l t i e s  prev ious ly  encountered wi th  t h e  t ransformation.  
Closer  examination of t h e  da t a  shown i n  F igures  1 and 2 implies  
however t h a t  t h i s  may not  be  t h e  case.  This  i s  p a r t i c u l a r l y  
ev ident  by not ing t h a t  f o r  t h e  a d i a b a t i c  w a l l  case W = 1, negat ive 
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values  of occur f o r  a l l  non-zero Mach numbers. But from 
Equation (29) w i t h  GI, = P = 0, w e  have = 5 < 0 which implies  
t h e  occurrence of adverse pressure  grad ien t  i n  t h e  transformed 
plane.  Since t h i s  is p r e c i s e l y  opposite t o  t h e  effect  des i r ed ,  
t h e  l i k e l i h o o d  of improving the performance of t h e  transforma- 
t i o n  approach by second order  closure i s  s u b s t a n t i a l l y  dimin- 
ished.  This w i l l  be borne out  by t h e  r e s u l t s  ?resented i n  
Sec t ion  111. 
0 0  0 A20 U u U 
0 A13 0 A29 A37 0 0 
0 A14 0 A30 A38 A46 0 
0 0  0 A31 0 A47 A55 A6 
0 0  0 0 0 A48 A56 A6 
c 
C. Working Equations 
General Remarks. - The f i n a l  r e s u l t  o f  t h i s  s ec t ion  w i l l  be 
a system o f  o rd ina ry  d i f f e r e n t i a l  equations whose matrix repre-  
s e n t a t i o n  can be w r i t t e n  
(33) 
I t  is  be l ieved  t h a t  by s e t t i n g  down Equation (33) i n i t i a l l y ,  t h e  
d e t a i l e d  development which follows w i l l  be f a c i l i t a t e d  and 
c l a r i f i e d .  
compare t h e  p re sen t  formulation with t h a t  o f  Reference 1, a t  t h e  
o u t s e t .  By v i r t u e  of t h i s  comparison, those  s i m i l a r i t i e s  which 
occur i n  t h e  t w o  methods can be explo i ted  t o  reduce much of t h e  
t ed ious  a lgebra  involved i n  the  de r iva t ion  of Equation (33 ) .  
This procedure w i l l  a l s o  provide an opportuni ty  t o  
I n  a d d i t i o n  t o  t h i s  der iva t ion ,  appropr i a t e  i n i t i a l  
cond i t ions  w i l l  be developed i n  t h i s  s ec t ion .  For t h i s  purpose 
it w i l l  be  necessary t o  o u t l i n e  a procedure f o r  deducing s k i n  
f r i c t i o n  c o e f f i c i e n t s  f r o m  experimental v e l o c i t y  p r o f i l e  d a t a  
according t o  t h e  second order  c losure  r u l e s  employed here .  
S imi l a r  procedures f o r  t h e  various other c l o s u r e  r u l e s , w i l l  a l s o  
be set down. Although t h e s e  so c a l l e d  “ C h u s e r  Plots” have been 
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u t i l i z e d  by previous i n v e s t i g a t o r s  ( c . f .  References 3 ,  7 ,  10) 
t hey  have n o t ,  t o  t h e  a u t h o r s '  knowledge, been s e t  down i n  a sys- 
tematic  manner i n  any of t h e  l i t e r a t u r e .  
F ina l ly ,  w e  note  t h a t  t he  reason convent ional  n o t a t i o n  has  
not been used i n  t h e  c o e f f i c i e n t  ,matrix of Equation ( 3 3 )  is  
twofold. F i r s t  of a l l  it was d e s i r a b l e  t o  avoid any p o s s i b i l i t y  
of confusing the  var ious  t e r m s  appearing here  and i n  Reference 1. 
Secondly, t he  choice of no ta t ion  a n t i c i p a t e s  t h e  l o g i c a l  flow 
of c e r t a i n  "canned" subrout ines  used by t h e  CDC 6600 computer 
f o r  which t h i s  a n a l y s i s  has  been programmed. 
of t h i s  aspec t  may be found i n  P a r t  I11 of t h i s  r e p o r t .  
A f u r t h e r  d i scuss ion  
Comparison of F i r s t  and Second Order Closure Formulations 
f o r  t he  Pressure Gradient Case. - I n  Sect ionIII .B,  it has been 
pointed out  t h a t  c losure  was achieved i n  Reference 1 by means of  
Equation (16) .  The r e s u l t i n g  formulat ion has  the  matr ix  
representa t ion  ( c . f .  Equation (56) of Reference 1) : 
A12 A13 A14 0 0 0 
A 2 1  A22 A23 A24 0 0 0 
A31 A32 A33 A34 0 0 0 
A51 0 0 
0 0 0 
0 
0 0 A44 C 
A5 7 A5 5 
0 0 A64 A65 %6 A67 
0 0 0 0 A75 A76 A77 . 












is t h a t  t he  former i s  an eight-dimensional system a s  compared t o  
a 7 x 7 f o r  t h e  l a t t e r .  Evident ly  t h i s  i nc rease  i n  dimension 
i s  due t o  t h e  in t roduct ion  of t h e  a d d i t i o n a l  f r e e  parameter 
corresponding t o  t r a n s p i r a t i o n  i n  t h e  CP plane. I n  Eq. ( 3 3 )  
t h i s  parameter is represented  by t h e  dependent v a r i a b l e  Vw whose 
r e l a t i o n  t o  t h e  parameter z previous ly  introduced w i l l  be 
ind ica ted  i n  t h e  subsequent development. Aside from t h i s  r a t h e r  
e s s e n t i a l  d i f f e rence  t h e  two systems b e a r  a cons iderable  s i m i l a r -  
i t y  i n  the sense t h a t  t h e  same fundamental r e l a t i o n s  a r e  u t i l i z e d  
t o  der ive t h e  f i n a l  working system of equat ions.  For Equation 
( 3 4 )  t h e  s p e c i f i c  r e l a t i o n s ,  proceeding i n  o rde r  from t h e  f i r s t  
row, were: 
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t h e  CP s k i n  f r i c t i o n  l a w  (38)  
t h e  CP momentum i n t e g r a l  equation (34) 
t h e  CP  a u x i l i a r y  equat ion (43) 
t h e  f i r s t  o rder  c losu re  r e l a t i o n  (26)  
t h e  sub-layer hypothesis  (45) 
t h e  edge compa t ib i l i t y  condi t ion ( 2 1 )  
t h e  VP momentum i n t e g r a l  equation (30) 
where t h e  numbers i n  pa ren thes i s  r e f e r  t o  t h e  appropr i a t e  equa- 
t i o n s  a s  given i n  Reference l. Note t h a t  i t e m  (d) i s  i d e n t i c a l  
t o  Eq. (16) of t h i s  r e p o r t .  
The f i r s t  p o i n t  t o  be made regarding Equation (34) i s  t h a t  
t h e  f i r s t  three r e l a t i o n s  ( a )  through (c) c o n s t i t u t e  t h e  descr ib-  
ing equat ions  for the CP flow. I f  the C P  pressure  g rad ien t  
parameter* (4n6j.J ' w e r e  a known f u i i c t i ~ i i ,  these t h r e e  equat ions 
could be Solved  indeperrdeiitlk- ef t h z  rem;r in ina  four  equat ions.  
H e r e ,  t h e  t w o  groups of  r e l a t i o n s  are  coupled by v i r t u e  of t h e  
f a c t  t h a t  (.tnC,) must be considered a s  an unknown. A s  f o r  t h i s  
second group of  r e l a t i o n s ,  they  represent  the four  r e s t r a i n t s  
which a r e  requi red  t o  de f ine  t h e  three s t r e t c h i n g  parameters of 
t h e  t ransformat ion  and t h e  unknown C P  p re s su re  d i s t r i b u t i o n .  
The analogy wi th  t h e  p re sen t  formulation should now be 
apparent .  Again, a group of  r e l a t i o n s  is  requi red  t o  descr ibe  
t h e  CP flow, bu t ,  of course,  i n  t h i s  case  they  would involve 
both a p res su re  g rad ien t  and a mass t r a n s f e r  parameter. I n  
P a r t  I1 of t h i s  r e p o r t  such a system i s  developed and it is found 
t h a t ,  once aga in ,  t h r e e  equat ions  a re  involved which a r e  com- 
p l e t e l y  equiva len t  t o  i t e m s  ( a ) ,  (b) and (c) abave. The second 
group of equat ions  must now involve f i v e  r a t h e r  than four ,  funda- 
mental r e l a t i o n s  t o  account f o r  the  add , i t iona l  unknown parameter 
Vw. Of these ,  t h r e e  a r e  exac t ly  equivalent  t o  i t e m s  (e) ,  ( f )  and 
(4 ) .  
i n  t h e  previous sections; i.e., Eqs. ( 2 9 )  and (30). 
- 
The remaining two a r e  provided by' t h e  c losu re  r u l e s  developed 
* ye bea r s  t h e  same r e l a t i o n  t o  t h e  parameter 
Z .  
be i n d i c a t e d  l a t e r .  
t h a t  cw does t o  
The e x p l i c i t  correspondence between these  v a r i a b l e s  w i l l  
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With t h i s  a s  a background w e  are now i n  a p o s i t i o n  t o  
proceed with the  d e r i v a t i o n  o f  Equation ( 3 3 )  i n  a s t r a i g h t -  
forward manner. This w i l l  be  accomplished i n  t h e  next  t h r e e  
subsections.  
I n  t he  f i r s t  of t hese  t h e  working form of  t h e  two c losu re  
r e l a t i o n s ,  which a r e  unique t o  t h i s  formulat ion,  w i l l  be der ived.  
Then the r e l a t i o n s  corresponding t o  i t e m s  ( e ) ,  ( f )  and (4) w i l l  
be considered, F i n a l l y ,  t h e  CP formulat ion of P a r t  I1 of t h i s  
r e p o r t  w i l l  be arranged i n  a manner s u i t a b l e  f o r  numerical 
i n t eg ra t ion  and incorpora t ion  i n t o  t h e  matr ix  r ep resen ta t ion  of 
Equation ( 3 3 ) .  
Working Form of t h e  Closure Rela t ions ,  - The working depend- 
ent! var iab les  which a r e  employed i n  t h e  numerical i n t e g r a t i o n  
scheme have been ind ica t ed  i n  t h e  s o l u t i o n  vec tor  appearing i n  
Equation ( 3 3 ) .  The f i r s t  f i v e  members of  t h i s  vec tor  a l l  
represent  CP v a r i a b l e s  and have been def ined i n  Pa r t  I1 of t h i s  
r epor t .  Furthermore, wi th  the  except ion of t h e  mass t r a n s f e r  
parameter Vw , a l l  of t h e  v a r i a b l e s  a r e  i d e n t i c a l  i n  meaning t o  
those  u t i l i z e d  i n  Reference 1. Accordingly, t o  proceed wi th  t h i s  
der iva t ion ,  it is only necessary t o  show t h e  r e l a t i o n  between 2 
and and t h e s e  working va r i ab le s .  From t h e  d e f i n i t i o n  of  t hese  
l a t t e r  and those  appearing on page 11 of t h i s  r e p o r t ,  it follows 
immediately t h a t  
- 
Accordingly, Equation ( 2 9 )  can be w r i t t e n  
I- 1 
o r ,  taking i n t o  account t h e  d e f i n i t i o n s  of P and t h e  correspond- 
ence* between t h e  CP and V P  s k i n  f r i c t i o n  c o e f f i c i e n t s  
* Correspondence between t h e  CP and VP v a r i a b l e s  a s  implied by 
t h e  transformation a r e  l i s t e d  i n  Appendix A. 
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This equat ion corresponds to  t h e  fourth row i n  Eq. (33)  with 
A 2 8  equal  to  u n i t y  and C4 taken equal t o  the r i g h t  hand s i d e  
of ~ q .  ( 3 5 ) , *  Complete eva lua t ion  of  C4, of course,  r equ i r e s  
(d&n Ue/dX) as w e l l  a s  the wa l l  boundary condi t ions  (Glw * P  
t h e  l a t t e r  a l s o  involving the  thermodynamic behavior 
of t h e  VP f l u i d .  Detai led evaluat ion of t h e s e  parameters is 
discussed l a t e r  i n  t h i s  s ec t ion .  
s p e c i f i c a t i o n  ot bo th  the e x t e r n a l  boundary condi t ions  
N N  
) 
Since t h i s  i s  an a l g e b r a i c  equation i t  is necessary t o  d i f f e r -  
e n t i a t e  it f o r  t h e  purpose of incorporat ing it i n  Eq.(33). I n  
ca r ry ing  o u t  t h i s  d i f f e r e n t i a t i o n  the  i m p l i c i t  dependence of 
u and G, on the  dependent va r i ab le s  must be  recognized. From 
E;. 
N 
(20afsof P a r t  I1 of t h i s  repor t  it can be shcml? t h a t  
N -+-+ c exp (vwys) - 11 
V W  
(37) 
-+ VWG 
where v = - w - t j  
e 
- +  
and y = fcn(vw - +) a s  determined from the t ranscendenta l  
equat?on (20c)  of P a r t  11. Accordingly, 
I n  view of Eq. (31)  w e  may a l so  a n t i c i p a t e  t h a t  i n  t h e  
gene ra l  case ,  G w i l l  e x h i b i t  a dependence on both 'ZI and t h e  
1s S 
* A l l  of t h e  c o e f f i c i e n t s  appearing i n  Eq. (33)  a r e  def ined  
e x p l i c i t z y  i n  Appendix B. 
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streamwise coordinate  x through a corresponding Mach number 
va r i a t ion .  Eq. (36)  i s  then  of t h e  form 
Thus, d i f f e r e n t i a t i o n  of Eq. (36)  y i e l d s  
which corresponds t o  t h e  f i f t h  row of  Eq. (33)  where t h e  
c o e f f i c i e n t s  A 1 3 ,  A 2 9 ,  A37 and A61 a r e  r e l a t e d  t o  t h e  p a r t i a l  
de r iva t ives  i n  an obvious way. The l a t t e r  a r e  evaluated f o r  
a p a r t i c u l a r  choice of  thermodynamic behavior i n  Appendix C. 
Workinq Form of t h e  Remaininq Transformation R e s t r a i n t s :  - 
( a )  Sublayer Hypothesis - The b a s i c  form of t h i s  r e s t r a i n t  i s  
given by 
By u t i l i z i n g  t h e  va r ious  correspondences between the CP and VP 
var i ab le s  given i n  Appendix A and t h e  d e f i n i t i o n s  t h i s  can be 
- +  
N 
w r i t t e n  
The dependence of  t h i s  r e l a t i o n  on the thermodynamic behavior 
of the VP f l u i d  is apparent.  Proceeding a s  i n  t h e  c a s e  of 
Eq. ( 3 6 )  we recognize t h a t  Eq. (39)  is  of the form 
2 4  
D i f f e r e n t i a t i o n s  y i e l d s  
which corresponds t o  t h e  s i x t h  r o w  of Eq.  ( 3 3 ) .  E x p l i c i t  eva l -  
ua t ion  of t hese  p a r t i a l  d e r i v a t i v e s  i s  presented  i n  Appendix C.  
(b) Edge Compatibi l i ty  - This r e s t r a i n t  follows d i r e c t l y  from 
Eq. (6) eva lua ted  a t  y ,  4 O J .  There r e s u l t s  
o r ,  i n  t e r m s  of t h e  working va r i ab le s  
e .  - V " * r r  
'e u T o  v ue = (e) (-- 
I n n \  
\ -=" I  
The working form of t h i s  r e l a t i o n ,  corresponding t o  t h e  seventh 
r o w  i n  Eq.  ( 3 3 )  fol lows by d i f f e r e n t i a t i o n .  There r e s u l t s  
where we  have recognized t h a t  ve and ( zh I0  a r e  cons t an t s .  
0 
(c) VP Momentum I n t e g r a l  - Since t h i s  formulation w i l l  corre-  
spond t o  t h e  case  of zero mass t r a n s f e r  i n  t h e  VP plane,  t h e  
momentum i n t e g r a l  equat ion remains i d e n t i c a l  t o  t h a t  used i n  
Reference 1 and can be w r i t t e n  
The CP counterpar t  of t h i s  equation must, of course ,  r e f l e c t  t h e  
s x i s t e n c e  of m a s s  t r a n s f e r .  Accordingly, it t akes  the  form 
2 5  
V 




(H+2) = - d8+-- B 
e dx u d x  2 U e 
A f t e r  introduct ion of t h e  var ious  d e f i n i t i o n s  t h e s e  can be 
w r i t t e n  
c u -1 
ddnUe + - a n a e  - _. f (2.) - 
28 ye o 
d.Cne + (H+2) -
dX dX dX 
Now t h e  correspondence between 0 and $ according t o  Appendix A 
i s  given by 8 = eh. Accordingly 
Hence, Eq .  (41a) can be w r i t t e n  a f t e r  some rearrangement 
c u -1 
f e  dd nU dLnoe (H+2) ($nue) '+(.en:) '-XI{ (H+2) - e +---(-) } =  dX 28 ve o dX - 
U - 
V e -1 1 1  W 0 -(-a+-) (7) e CP 'e V 
I t  is a l so  convenient t o  e l imina te  (dnc ) ' by means of E q .  (40a).. 
There r e s u l t s  e 
u -1 - 
V e 
W 0 
c u -1 
V e 28 ve 0 U 
(43 1 
I n  P a r t  I1 of t h i s  r e p o r t ,  a CP  Reynolds number based on boundary 
l aye r  th ickness ,g ,  is def ined  according t o  = ;e 6 / v  which is  
one of the working v a r i a b l e s  appearing i n  Eq. 
r a t i o  e / b  be denoted by E. 
- -  






where we have u t i l i z e d  s e v e r a l  o f  the correspondences given i n  
Appendix A. 
dependence of t h i s  system on t h e  u n i t  Reynolds number of t h e  CP 
f l o w  and, consequently,  on i t s  thermodynamic s t a t e ,  has  t o t a l l y  
been e l imina ted .  
Note t h a t  by introducing t h e  parameter E t h e  
Equation (43) can now be w r i t t e n  
I n  Eq.  
considered t o  be s p e c i f i e d  and hence a r e  known. Furthermore, 
t h e  CP  formulat ion provides  r e l a t i o n s  of the form 
(44) t h e  x d e r i v a t i v e s  of Ue, pe, and p , a r e ,  of course,  e 
Consequently, provided only t h a t  t he  VP form f a c t o r  H i s  ex- 
pressed i n  t e r m s  of t h e  working var iab les ,  Eq. (44) i s  i n  a form 
s u i t a b l e  f o r  incorpora t ion  i n  E q .  (33) .  This  r ep resen ta t ion  
must awai t  spec i f i ca , t i on  of a p a r t i c u l a r  thermodynamic model f o r  
t h e  VP f l u i d  s ince ,  i n  accordance with the correspondence 048) 
The  i n t e g r a l  appearing i n  t h i s  expression is  evaluated 
t h i s  s e r t i o n .  Equation (44) i s  represented by t h e  l a s t  row O r  
Equation (33) .  
l a t e r  i n  
Workinq Form of  t h e  CP Formulation. - The descr ib ing  
equat ions f o r  t h e  CP formulat ion a r e  given by Eq.  (38) of Part  11 
of t h i s  report .  I t  takes  t h e  form 
where de r iva t ives  of v and 6 
t e r m s  Ci. 
these  a r e  considered t o  be given forc ing  func t ions .  For t h e  
present  appl ica t ion  they  r ep resen t  unknowns so t h a t  t h i s  system 
has t o  be modified accordingly.  The procedure i s  s t ra ight forward  
and involves only t h e  t r a n s p o s i t i o n  of t h e  c o e f f i c i e n t s  of (v 1 '  
and (&nue) '  from t h e  r i g h t  hand s i d e  of Eq. (46) t o  t h e  l e f t  
hand s ide .  Af t e r  some rearrangement t h e r e  i s  obtained t h e  f i r s t  
t h r e e  rows of  Eq. (33) where the  c o e f f i c i e n t s  i n  (33) and (46) 
a r e  r e l a t e d  by 
a r e  included i n  t h e  forc ing  
W For t h e  C P  problemeitself  t h i s  i s  appropr i a t e  s i n c e  
W 
For convenience i n  t h e  f u r t h e r  development it i s  u s e f u l  t o  
no te  here  t h a t  the  f i r s t  of t h e s e  equat ions  a r i s e s  by d i f f e r e n t i a -  
t i o n  of the a lgeb ra i c  equat ion corresponding t o  t h e  C P  s k i n  
f r i c t i o n  law; (Eq.  (28b) of P a r t  11). This equat ion can be w r i t t e n  
2 8  
Thermodynamic Representation. - The inf luence  of t h e  VP 
f l u i d  thermodynamics on Eq. ( 3 3 )  i s  r e f l e c t e d  by s e v e r a l  para- - 
meters appeari.ng i n  E q s .  (351, (361, (3t9), and (45) .  These 
involve v i s c o s i t y  and dens i ty  r a t i o s  a t  t h e  wa l l  and sublayer  
edge (Pw, Pw, P s .  I s )  and de r iva t ives  and i n t e g r a l s  t h e r e o f ,  i. e., N N N N  
- +  
1 ys L+ - +  r 
Each of t h e s e  must be r e l a t e d  t o  the v e l o c i t y  f i e i d  and s-&- 
sequent ly  t o  t h e  worklng v a r i a b l e s  i n  w r & x  tz, zo;pletz t h e  
formulation. A s  i nd ica t ed  i n  Section I I I . B ,  a Crocco i n t e g r a l  
r ep resen ta t ion  w i l l  be u t i l i z e d  f o r  t h i s  purpose. For a per-  
f e c t  gas ,  t ak ing  i n t o  account t h a t  t he  p re s su re  ac ross  the  boundary 
l aye r  is uniform, t h i s  implies  t h a t  
It  w i l l  a l s o  be assumed here ,  f o r  ac t i o n a l  g e n e r a l i t y ,  t h a t  
t h e  VP f l u i d  v i s c o s i t y  can be represented by a Sutherland type  
1 aw 
rn 3 /2 
J. 
T+198.6 





)3 /2  [ T +198.6/T - N 
w* s 
I,, F ‘Tw, s 
e 
T + 198.6/T 
‘T -198.6/T 
w 2 w  W 
Note t h a t  s ince  T - (l+G 1,  Eqs. (51 ) ,  (52) and (53) r equ i r e  
spec i f i ca t ion  of  ?he exferna? stream s t agna t ion  temperature,  which 
is, of course,  taken a s  cons tan t  i n  t h i s  formulation. 
- Tt 
To eva lua te  t h e  f i r s t  dens i ty  i n t e g r a l  w e  make use of  t h e  
ve loc i ty  d i s t r i b u t i o n  given by Eq. (20a) Pa r t  11. Taking i n t o  
account Eq. (48) t h e r e  r e s u l t s  
- +  
N (54) 
e 
l + m  
e P 
- +  -+ where 
are  functions of 
Appendix D. 
+ only and a r e  def ined  e x p l i c i t l y  i n  
W 
Evaluation of  t h e  second i n t e g r a l  i s  somewhat more s t r a i g h t -  
forward s ince  t h e  f i n a l  r e s u l t  can be expressed i n  terms of pre- 
v ious ly  defined parameters. That i s ,  using Eq. (48) it can be 
shown t h a t  
30 
Thus, f r o m  Eq, (45) the correspondence for  t h e  form f a c t o r  
becomes 
- N  
WH-m 
e 
e H = -  
l+% 
Boundary Conditions.  - (a! Edge Condit ions - I n v i s c i d  
F l o w ?  So f a r  as t h e  computer program is  concerned, the edge 
cond i t ions  a r e  imposed by input t ing  a t a b l e  of Mach number versus  
streamwise l eng th  normalized with r e spec t  t o  a re ference  l eng th  
4,. The i n t e r n a l  l o g i c  of t h e  program then  smooths these da ta ,  
i f  des i r ed ,  and a l s o  numerically eva lua tes  t h e  f i r s t  d e r i v a t i v e s  
the reo f .  The d e t a i l s  of t h i s  processing is  given i n  Pa r t  I11 
of t h i s  r epor t .  H e r e ,  we w i l l  i n d i c a t e  on ly  how the  var ious 
i n v i s c i d  parameters appearing i n  Eq. ( 3 3 )  are r e l a t e d  t o  t h i s  
Mach number t a b l e .  
For a c a l o r i c a l l y  and thermally p e r f e c t  gas t h e  i s e n t r o p i c  
r e l a t i o n s  imply t h a t  
Accordingly, s i n c e  the s tagnat ion  speed of sound is  considered 
t o  be cons tan t  here  
o r  
where M 
t h e  i n i g i a l  u n i t  Reynolds number (u /velo. 
ing Eq. 
and x/G a r e  t h e  tabula ted  input  values  and Reo denotes  
N o t e  t h a t  i n  der iv-  
(58)  w e  have made use of thee r e l a t i o n  
which f o l l o w s  d i r e c t l y  from t h e  d e f i n i t i o n  of Ge. 
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Proceeding i n  a s i m i l a r  fash ion  it can be shown t h a t  
I n  view of Eq .  (60) a Sutherland-type v i s c o s i t y  law would then  
imply 
The de r iva t ive  of t h e  kinematic  v i s c o s i t y  v fol lows d i r e c t l y  
from Eq. (61) and (62) s i n c e  e 
Note t h a t  s eve ra l  of t h e  foregoing r e l a t i o n s  are a l s o  requi red  
t o  evaluate  t h e  p a r t i a l  d e r i v a t i v e s  aH,/ax and aCnH2/aX appearing 
i n  E q s .  (36a)and (39a) r e spec t ive ly .  
(b) W a l l  Conditions:  A d e t a i l e d  examination of t h i s  system 
revea l s  t h a t  t h e  s t a t e  of flow a t  t h e  w a l l  is  completely 
charac te r ized  by t h e  parameter W which r ep resen t s  t h e  r a t i o  of 
w a l l  temperature t o  e x t e r n a l  t o t a l  temperature.  This parameter 
i s  imposed i n  a manner i d e n t i c a l  t o  t h a t  used t o  input  t h e  ex- 
t e r n a l  Mach number d i s t r i b u t i o n .  That is, a t a b l e  of  W v s  x/& is  
read i n ,  smoothed and d i f f e r e n t i a t e d  a s  d iscussed  i n  P a r t  111. 
Thus fo r  t h e  present  purpose it is  only necessary t o  recognize 
t h a t  
I n i t i a l  Conditions.  - A d e t a i l e d  examination of t h e  system 
represented by Eq. (33) r evea l s  t h a t  
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The  i n i t i a l  value of t h e  independent v a r i a b l e  
x is a r b i t r a r y .  - 
The i n i t i a l  value of x i s  a r b i t r a r y  except t h a t  
t h e  choice must be cons i s t en t  w i th  t h e  input  
Mach number and wa l l  temperature t a b l e s .  
The i n i t i a l  value of  6 
a s  i s  Q 
c o n s i s t e n t  manner: i . e . ,  they must s a t i s f y  t h e  
a l g e b r a i c  equat ion (40).  This is most convenient ly  
and < a r e  a r b i t r a r y ,  
cv 
bu t  they mus? be selected i n  a 
0, 
N 
accomplished by tak ing  6 - = 1. e - Qo 
0 
N - 
The f i v e  remaining dependent var iab les  E, (j, n;  V and (3, a r e  
connected by t h r e e  a l g e b r a i c  equations corresponding t o  t h e  C P  
s k i n  f r i c t i o n  law, Eq. (47) ,  and Eqs. ( 3 6 )  and ( 3 9 ) .  Accordingly, 
only two i n i t i a l  va lues  need t o  be prescr ibed .*  These w i l l  be 
taken t o  be (p and r .  
c l e a r  by v i r t u e  of t h e  ensuing development. 
w 
The reason for  t h i s  choice w i l l  be  made 
A s  i n  Reference 1, two types of  i n i t i a l  condi t ions  w i l l  be 
considered;  iianely, cend i t ions  corresponding t o  a " leading  edge" 
U I A U  - - A  --J;finnc: bvI&u- ------ s s w ~ i a t e d  with some downstream s t a t i o n  where 
boundary l aye r  p r o f i l e s  a r e  prescr ibed.  
Since t h e  formulat ion developed here corresponds t o  f u l l y  
developed t u r b u l e n t  flow, i n i t i a l i z a t i o n  a t  a lead ing  edge i s  
n e c e s s a r i l y  an approximate concept. Nevertheless ,  i f  t h e  concept 
is t o  be employed a t  a l l ,  it should a t  l e a s t  e x h i b i t  q u a l i t a t i v e l y  
c o n s i s t e n t  behavior i n  t h e  sense t h a t  t h e  s o l u t i o n s  s u f f i c i e n t l y  
f a r  downstream should be independent of t h e  p a r t i c u l a r  i n i t i a l  
va lues  se l ec t ed .  
* AS f a r  a s  t h e  computer program i t s e l f  i s  concerned, it w i l l  
accept  a r b i t r a r y  i n i t i a l  values f o r  a l l  o f  t h e  v a r i a b l e s  i n  
o rde r  t o  permit r e s t a r t  and cont inuat ion of any p a r t i c u l a r  
c a l c u l a t i o n .  Such a procedure i s  admissible  provided a self-  
c o n s i s t e n t  se t  of values  i s  u t i l i z e d .  I f  t h i s  is not  t h e  case, 
t h e  incons is tency  w i l l  show up by means of c e r t a i n  output  
parameters which provide a r u n n i n g  check on whether t h e  a lge-  
b r a i c  equat ions  a r e  being s a t i s f i e d  a s  discussed i n  Par t  I11 
of t h i s  r e p o r t .  
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To e s t a b l i s h  appropr i a t e  i n i t i a l  values  i n  l i n e  wi th  t h i s  
po in t  of view, a series of numerical c a l c u l a t i o n s  w e r e  made. 
representa t ive  examples a r e  shown i n  Figure 3 .  H e r e  t h e  var ia -  
t i o n  of sk in  f r i c t i o n  wi th  streamwise d i s t ance  corresponding t o  
var ious choices  of i n i t i a l  condi t ions  are shown. It is apparent  
t h a t  the s o l u t i o n s  e x h i b i t  v i r t u a l l y  no dependence on t h e  i n i t i a l  
choice of for values  i n  t h e  range a s soc ia t ed  wi th  zero  p re s su re  
gradient  CP flows. O n  t h e  o t h e r  hand, a l though a l l  s o l u t i o n s  
eventual ly  merge, some e f f e c t  o f  t h e  i n i t i a l  choice of $ p e r s i s t s  
i n  t he  near region. Based on t h e  c r i t e r i o n  t h a t  t h e  s o l u t i o n s  be 
i d e n t i c a l  f o r  x 2 10 , a s u i t a b l e  choice of appears t o  be 
= 15. Thus, t h e  " leading  edge" opt ion  which has  been - provided 




?O = 0.6, qo = 15. 
0 
We now wish t o  cons ider  i n i t i a l i z a t i o n  a t  any downstream 
s t a t i o n  where p r o f i l e  d a t a  have been prescr ibed .  This r equ i r e s  
t h e  use of so c a l l e d  "Clauser P l o t s "  which w e r e  mentioned 
b r i e f l y  i n  a previous sec t ion .  This procedure was f i r s t  used by 
Clauser (Reference 11) i n  conjunct ion wi th  a n a l y s i s  of C P  flow 
p r o f i l e s  obtained on impermeable su r faces .  For t h i s  case ,  t h e  
procedure i s  a r e l a t i v e l y  simple one and it lis worthwhile t o  
review this elementary case  b r i e f l y  here .  
W e  suppose t h a t  t h e  v e l o c i t y  d i s t r i b u t i o n  a t  some s t r e a m -  
w i s e  s t a t i o n  has  been determined experimental ly  i n  t he  form 
u vs R- where R, E uey/v. 
i n f e r  ghe a s soc ra t ed  value of  sk in  f r i c t i o n  c o e f f i c i e n t  c' /2 3 1/$. 
This is accomplished by comparing a semi-log p l o t  of t h e  exper i -  
- - -  N 
From t h i s  p r o f i l e  it is  des i r ed  t o  
f 
I mental p r o f i l e  with a series of curves  generated from t h e  equat ion 
using severa l  a r b i t r a r y  va lues  of t h e  parameter G. Equation ( 6 5 ) ,  
of course, is t h e  so-ca l led  "law of  t h e  wa l l "  corresponding t o  
C P  flow without masa t r a n s f e r  and i s  obta ined  from Eq. (20b) of 
P a r t  I1 by tak ing  J From t h i s  comparison t h e  value of 0 
which best  f i t s  thewgiven da ta  can be determined by inspect ion.  
An example of such a "Clauser P lo t "  i s  shown i n  Figure 4. Note 
t h a t  t he  shear  is q u i t e  unambiguously determined by t h i s  method 
and t h a t  it is  i n  good agreement with t h e  value obta ined  d i r e c t l y  
by means of a sk in  f r i c t i o n  balance.  
E 0. 
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Genera l iza t ion  t o  t h e  C P  case  w i t h  mass t r a n s f e r  i s  due t o  
Stevenson (Reference 1 2 )  and has been used by o t h e r s  (References 5, 
7 ) .  I n  t h i s  case t h e  v e l o c i t y  d i s t r i b u t i o n  i s  compared w i t h  
c u r v e s  corresponding t o  Eq. (20b) .  Pa r t  11, which can be w r i t t e n :  
k 
2 w  
- 1  1 1 - -  u = - (k2 (l+k i? 46) + -(I+ - V q) dn(R-/(j) 
Y kl 2 w  cp 
1 - -  + - vWQ t.n” (R-/G)} 
Y 4ky 
Since i? is  known i n  t h e  case  of CP flow, Eq. (66) i s  exac t ly  
equiva len t  t o  Eq. (65) i n  t h e  sense t h a t  a unique v s  R- va r i a -  
t i o n  r e s u l t s  f o r  any p a r t i c u l a r  choice of G. 
example of such a Clauser  P l o t  has  been given i n  Figure 1 of 
P a r t  I1 and i s  repea ted  here  a s  F i g u r e  5, f o r  convenience. Again, 
the  determinat ion of  (p (and the re fo re  of c ) 
W 
A r ep resen ra t ive  
is  c l e a r  c u t .  
f 
Once cn has been determined, it i s  a l s o  p o s s i b l e  t o  a s s e s s  
LZ- ilt: - value of the p r e f i l e  parameter v for any p a r t i c u l a r  p r o f i l e .  
& pnv -- thic: Fiirpose the  r e l a t i o n s  
(l+vw$) % - 1 - k2 - - 1 an ( R i / G ) }  
W kl 
a r e  u t i l i z e d  f o r  t h e  zero  and non-zero mass t r a n s f e r  cases ,  
r e spec t ive ly .  These r e l a t i o n s  follow from the s k i n  f r i c t i o n  law, 
Eq.  (47) ,  where w e  have recognized t h a t  
which can a l s o  be determined f r o m t h e  experimental  p r o f i l e s .  
7 
* ~ o t c  eh+u6+imt bse~~taken-eqrta’f--tO- Uni3q-h- * ‘ e l - r t s  
appropr i a t e  s ince  t h e  u l t imate  purpose of t h i s  procedure 
is to e s t a b l i s h  i n i t i a l  condi t ions.  
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The equiva len t  method f o r  impermeable VP flow was developed 
by B a r o n t i  and Libby (Reference 3 ) .  I n  t h i s  ca se ,  however, t h e  
procedure is somewhat more involved s i n c e  t h e  measured p r o f i l e s  
i n  t h e  form c v s  R 
corresponding C P  fgrm. Since can be i n t e r p r e t e d  a s  either t h e  
VP o r  CP v e l o c i t y  r a t i o  ( c . f .  Eq. ( 7 ) )  no s t r e t c h i n g  of t h e  
ord ina te  i s  required.  On t h e  o t h e r  hand, p o i n t s  corresponding 
t o  various values  of R must be transformed according t o  




R - = G J  Y -  p d R y  
Y 
a s  indicated i n  Appendix A ,  Thus, i f  t h e  d e n s i t y  v a r i a t i o n  has  
a l s o  been obtained experimental ly ,  a semi-log p l o t  of 't; vs R-/% 
can be prepared from t h e  measured da ta .  This  must then be c g m -  
pared with appropr ia te  forms of t he  "law of t h e  wal l . "  
Depending upon t h e  type of c l o s u r e  u k i l i z e d ,  t h e  c vs R- 
v a r i a t i o n  would be obtained from e i t h e r  Eq. (65) o r  (66) .  Y 
Note however t h a t  t h e  absc i s sa  must  be  d iv ided  by a corresponding 
value of before  t h e  comparison can be made. Furthermore, i f  
Eq. (66) is u t i l i z e d ,  a c o n s i s t e n t  value of must also be  
selected. The d e t a i l s  of how t h i s  is  accomplyshed f o r  each of 
t h e  various c losu re  r u l e s  w i l l  now be ou t l ined .  
"Zero Order" Closure ( Z C ) :  This form of t ransformat ion  is  
u t i l i z e d  i n  Reference 3 and presupposes t h a t  v 
I n  t h i s  case,  t h e  appropr i a t e  value of which i s  requi red  would 
be obtained from Eqs, (39) and (54) s p e c i a l i z e d  t o  the  case  7 =O. 
There r e s u l t s  
= d i / 6  = 0. 
W 
W 
- w + (1-W) (5.3/& + (37.45/CGR) 
b 
N P S  e 0 = N- 
e 1 + G  
where and a r e  eva lua ted  from Eq. (50) and (51) wi th  
N S S u = 10.6/~<.* For p re sc r ibed  va lues  of  and W, Eq . -  (70)  is 
02 t h e  form a = a ( ~ ) .  - F -  e Accordingly, f o r  any choice  of  cp,  t h e  
* Tn AppTndix E ,  it i s  shown t h a t  a s  v - 0 ,  Eq.  (37) implies  
N - 
u = Fs/(; = 10.6/(0 while  Eq. (54) t s k e s  on t h e  form indica ted .  
S 
v a r i a t i o n  of vs R-/6 can be generated using E q s .  (65) and 
( 7 0 ) .  An example 0% t h i s  procedure i s  shown i n  Figure 6. 
Once t h e  value of  (p which b e s t  f i t s  t h e  da t a  has  been s e l e c t e d ,  
t h e  corresponding value of  n can  be obtained from Eq. (67) by 
recognizing t h a t  R- is determined by t h e  second of t h e  r e l a -  
t i o n s  (69) .  
c o e f f i c i e n t  a s soc ia t ed  wi th  t h i s  p r o f i l e  i s  obta ined  by using 
t h e  correspondence ( A - 9 ) .  
F i n a l t y ,  t h e  value of the  VP s k i n  f r i c t i o n  
- F i r s t  Order Closure wi th  P r e s s u r e  Gradient (FCP) : Since 
v is  a l s o  assumed t o  be zero here ,  t h e  procedure i s  i d e n t i c a l  
tg t h a t  f o r  ZC i n  view of  t h e  f a c t  t h a t  E q s .  ( 6 5 ) ,  (67) and 
(70) r e t a i n  i d e n t i c a l  forms desp i t e  non-zero values  of a$&. 
F i r s t  Order Closure v i t h  Transpi ra t ion  (FCT): - A s  has  
been noted above, t h e  v a r i a t i o n  of wi th  R-f i  depends here  
not only on a choice of bu t  on a value ofyv a s  w e l l .  This 
i s  t r u e  both f o r  E q .  (66) and Eq. (39 ) .  The Xddi t iona l  
r e l a t i o n  which is requi red  is E q .  (19) .  That is, wi th  W 
i s  known. Accordingly, wi th  a value of s p e c i f i e d ,  
s e l e c t e d ,  t h e  appropr ia te  value of vw i s  obtained from G I W  
which fol lows from Eq .  (19) and the d e f i n i t i o n  of E. With (; 
and v thus  se l ec t ed ,  t h e  proper  value of i s  obtained from 
Eq. (Y9) using ( 5 0 ) ,  (51) and (54) .  Equation (66) i s  then  
u t i l i z e d  t o  ob ta in  t h e  des i r ed  va r i a t ion  o f  vs R-&. The 
value of  71 fol lows from Eq. 
before .  A n  example of an FCT Clauser P lo t  i s  shown i n  Figure 7. 
(68) w h i l e  cf i s  obtaixed a s  
Second Order C ~ o s u r e  (SC) :  The procedure f o r  t h e  SC and 
FCT cases  i s  s i m i l a r  except t h a t  t he  appropr i a t e  value of  v 
must be determined by i t e r a t i o n  using Eq. ( 3 6 )  which,for  
s p e c i f i e d  M and W is  of t h e  form H (z,vw) = 01. Otherwise, c a l -  
c u l a t i o n  of U V S  R - f i  and 71 f o r  any value of  (: is i d e n t i c a l .  
F igure  8 shows t h e  r e s u l t  of applying SC r u l e s  t o  p a r t i c u l a r  
using t h e  var ious  methods is presented i n  t h e  next  s e c t i o n .  
A summary of t h e  Clauser  P l o t  procedures ou t l ined  above i s  
presented  i n  Table 11. 
W 
e- l ’  b 
Y 
\ experimental  p r o f i l e s .  A comparison of t h e  r e s u l t s  obtained 
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IV. RESULTS AND DISCUSSION 
A. P r o f i l e  Analysis  
A s  i nd ica t ed  i n  previous s e c t i o n s ,  one of t h e  primary 
reasons f o r  modifying t h e  compress ib i l i t y  t ransformation was 
for the  purpose of e l imina t ing  t h e  observed d i s t o r t i o n  i n  t h e  
wake region of t h e  transformed v e l o c i t y  p r o f i l e s .  This phenomenon, 
which was f i r s t  pointed ou t  i n  Reference 3 and a l s o  discussed i n  
References 2 and 7 ,  manifests  i t s e l f  i n  values of  t h e  wake para- 
m e t e r  n which a r e  s u b s t a n t i a l l y  smaller  than those  which a r e  
expected t o  occur f o r  cons tan t  p re s su re  C P  flows. 
To determine whether t h e  modified t ransformat ion  provides  
any improvement i n  t h i s  r e spec t ,  a series of  p r o f i l e s  w e r e  
analyzed according t o  t h e  procedures set down i n  t h e  previous 
sec t ions .  That is ,  Clauser  p l o t s  f o r  s e l e c t e d  p r o f i l e s  w e r e  
prepared and the  va lues  of c and 7~ determined. A t y p i c a l  set 
of these  Clauser p l o t s  is shown i n  Figures  6 and 8 corresponding 
t o  t w o  choices of c losu re .  The f i n a l  es t imated  values of c 
r ,  e t c . ,  a r e  compared i n  Table 111. A s  can be noted there inF ' the  
va lues  of 7~ i n f e r r e d  by using t h e  SC r u l e  a r e  only s l i g h t l y  
higher  than t h e  ones deduced by means of t h e  ZC r u l e s .  Figure 9 
shows how both of t hese  values  compare wi th  t h e  a n t i c i p a t e d  C P  
values.  I t  appears t h a t ,  al though some improvement has been 
obtained, t h e  d i s t o r t i o n  f o r  t h e  most p a r t  has  not  been el iminated.  
This s i t u a t i o n  p reva i l ed  f o r  a l l  of t h e  p r o f i l e s  analyzed which 
included m o s t  of t h o s e  l i s t e d  i n  Table I1 of Reference 2 .  
f 
B.  Z e r o  Pressure Gradient Resul t s  
To a s s e s s  t h e  usefu lness  of t h e  form of t ransformation 
developed here  i n  p r e d i c t i n g  boundary l a y e r  behavior f o r  t h e  VP 
zero pressure g rad ien t  ca se ,  a series of c a l c u l a t i o n s  w e r e  
c a r r i e d  o u t  corresponding t o  t h e  range of cond i t ions  0 s, M s 6, 
0 .25  < W s 1.0. S imi l a r  c a l c u l a t i o n s  w e r e  a l s o  c a r r i e d  ou t  
using both t h e  FCT and FCP forms of t h e  t ransformat ion .  To 
expedi te  comparison of  t h e s e  r e s u l t s  wi th  experiment, t h e  pre- 
d i c t i o n s  due t o  Spalding-Chi (Reference 13) w e r e  u t i l i z e d  t o  
represent  t h e  experimental  da ta  s i n c e  t h i s  methodology is  gene ra l ly  
recognized a s  a reasonably accu ra t e  c o r r e l a t i o n  of most of t h e  
ava i l ab le  da t a .  
The comparison of a l l  o f  t hese  r e s u l t s  j s  shown i n  Fig- 
u r e  10. From t h i a  comparison it would appear t h a t  f o r  t h e  
range of parameters examined: 
. The FCT form of t ransformation provides  the 
b e s t  agreement wi th  experiment. 
. The FCP f0nm is super ior  t o  the  SC form f o r  
t h e  a d i a b a t i c  w a l l  case  W = 1. 
. For moderate Mach number l eve l  (Me < 2 ) ,  t h e  
SC form of  t ransformation provides improved 
agreement wi th  experiment, r e l a t i v e  t o  t h e  
FCP form, for flow configurat ions involving 
h e a t  t r a n s f e r .  
. For Mach numbers above approximately M = 4, 
t h e  FCP and SC forms g ive  e s s e n t i a l l y  t h e  same 
r e s u l t s  f o r  t h e  hea t  t r a n s f e r  case. 
C. Pressure Gradient R e s u i t s  
The p resen t  methodology has  been used t o  genera te  boundary 
l a y e r  p r e d i c t i o n s  f o r  two cases involving adverse p re s su re  
g rad ien t .  These include t h e  ad iaba t i c  wa l l  conf igura t ion  of 
McLafferty and Barber (Reference 14) a s  w e l l  a s  t he  case examined 
by Kepler and O'Brien (Reference 15) which involved hea t  t r a n s -  
E e r  a s  w e l l .  These r e s u l t s  are compared wi th  the experimental  
da t a  i n  F igures  11 and 1 2  a s  w e l l  as w i th  t h e  p red ic t ions  due 
t o  t h e  FCP form of t h e  transformation. A s  may be noted, t h e  two 
p r e d i c t i o n s  are e s s e n t i a l l y  equivalent  and n e i t h e r  agrees  t o o  
w e l l  w i th  the da ta  i n  t h e  region of maximum pres su re  g rad ien t .  
Note, however, t h a t  t h i s  l a t t e r  disagreement is most probably 
due t o  t h e  normal p re s su re  grad ien ts  which e x i s t  i n  t h e  experi-  
mental s e t u p  and which a r e  n o t  accounted f o r  i n  e i t h e r  o f  t h e  
t h e o r e t i c a l  c a l c u l a t i o n s .  
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V. CONCLUDING REMARKS 
On t h e  b a s i s  of t h e  r e s u l t s  c i t e d  it would appear t h a t  t h e  
modified compress ib i l i t y  t ransformat ion  developed here  provides ,  
a t  bes t ,  only marginal improvement over t h e  methodology pre- 
viously developed i n  Reference 1. This  conclusion i s  v a l i d  
only if t h e  l a t t e r  i s  u t i l i z e d  without t h e  use  of t h e  so-cal led 
"Wake Parameter Cor re l a t ion . "  I n  t h i s  case  t h e  e a r l i e r  formula- 
t i o n  i s  supe r io r  t o  t h e  p re sen t  method. 
I n  p r i n c i p a l ,  of course,  t h e  aforementioned c o r r e l a t i o n  
could a l s o  be employed i n  the  p re sen t  a n a l y s i s .  The r e s u l t i n g  
formulation, however, can be a n t i c i p a t e d  t o  be equiva len t  t o  
t h a t  of Reference 1 wi th  t h e  c o r r e l a t i o n .  Thus, it is concluded 
t h a t  such a d d i t i o n a l  development would not be appropr i a t e  and 
it i s  recommended t h a t ,  f o r  t h e  p re sen t ,  t h e  method of Refer- 
ence 1 be employed t o  t r e a t  VP flows wi th  p re s su re  g rad ien t .  
Although t h e  p re sen t  e f f o r t  has not been e n t i r e l y  success- 
f u l  i n  achieving an improved form of t ransformat ion  which i s  
se l f - cons i s t en t ,  t h e  b a s i c  o b j e c t i v e  remains v a l i d  and f u r t h e r  
e f f o r t  i n  t h i s  a r ea  i s  recommended. I n  t h i s  connection, t h e  
approach o u t l i n e d  i n  Reference 16 appears promising and i t s  
f u r t h e r  e x p l o i t a t i o n  t o  achieve t h i s  o b j e c t i v e  is  ind ica ted .  
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APPENDIX A 
CORRElSPONDENCE BETWEEN C P  AND VP VARIABLES 
dx 
dx - = 5(x)  
- 0  u = - u  
r )  
9 g = =  
77 
- 1  & 1  - 
H = H + = s (= - 1 ) d y  
6 0  P 
% -  
R- = p d R y  
0 Y 
R6. - 
R- = p d R y  
0 6 
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APPENDIX B 
ELEMENTS OF THE SYSTEM ( 3 3 ) *  
A 1  = l / k l  
( 1 )  
“t n* 1 
1 
1 
A 1 0  = F 
A l l  = F 
aH1 
B m. nZ A 1 3  = -
a .e. nH2 
acw- A 1 4  = -
A 1 7  = 2 / k 1  
(1) 
3 A 1 8  = F 
* The parameters k l I  II 
( 1 )  ({*I ( 1 )  (+*I 
F2 I F2 I F3 I F3 a re  def ined  i n  P a r t  I1 of t h i s  report .  
4 2  
A28 = 1 
1 
aH 
A29 = - 
1 amGe 
a t nH, 
L A30 = -amue 
A31 = - 1 




F2 /vw A34 = 
A35 = F2 
L 
aVw A38 = 
A47 = 1 
A48 = I? + 2 
A55 = - 1 
A56 = - (E+l)  
aH, I A61 = -
ax 







THE PARTIAL DERIVATIVES APPEARING I N  EQS.  ( 3 6 a )  and ( 3 9 a )  
F r o m  Eq. ( 3 6 )  
w h e r e ,  f r o m  E q .  ( 5 3 1 ,  
N 
- -1 lvRI  S a T  2; - =  N N  (1-W) +2mGus e S aG1 S 
1 - -  dG1 S [ 1 aw - ( l -W)+2Z G S e s  $W - G1 
1 - -  S - 397*2 ($)[y ' - ( 1 9 8 . 6 / T  ) "  N S T aG1 aTe S e 
45 
where, from E q .  (50) 
N N  
(1-W)+2m u 
l+?i 
S e s  
S e 
a?' 
a U  




S s s  a?? - = -  
e 
with  397.2/T e - N- I 
S 
E S "-(198.6/Te)" T 
S 
aG 
- are eva lua ted  i n  Appendix D. S 
a 5  
ar.nG amv: and where -and 
From Eqs. (39) and (54) :  
Where, tak ing  i n t o  account a l s o  4. (51) 
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- -331/T 
with  r - (  y) 5 +198.6/Te - )  
dA2 a r e  eva lua ted  i n  Appendix D. 




AUXILIARY CP PARAMETERS 
Using Eq. (10 )  of P a r t  I1 of t h i s  r e p o r t  
where 
From ( D - 1 )  and (D-2) it fo l lows  t h a t  
denys+ 
dGnv - + =(.. dGnvw+ - ) (U++ S - 11 dX, 
W 
(D-4 
whi le  from (D-3) 
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w h e r e ,  f r o m  Eq. (15) of P a r t  I1 of this report  
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APPENDIX E 
L I M I T I N G  FORM O F  THE ELEMENTS OF THE SYSTEM (33) 
I n  view of t h e  r e s u l t s  - shown i n  Figure 1, it can be a n t i c i -  
can become vanishingly s m a l l  during t h e  pated t h a t ,  i n  genera l ,  V 
course of any p a r t i c u l a r  c a l c u l a t i o n .  
c o e f f i c i e n t s  appearing i n  Eq.  (33) t a k e  on indeterminate  forms 
when v = 0 ,  s p e c i a l  t reatment  of  these is  required.  S p e c i f i c a l l y ,  
f o r  V s u f f i c i e n t l y  small ,  s p e c i a l  l i m i t i n g  forms of  t h e s e  
c o e f f l c i e n t s  a r e  employed by t h e  computer program. 
W Since s e v e r a l  of t h e  
- w  
W 
These s p e c i a l  forms a r e  l i s t e d  below:* 
1 i m  A g = -  ( - + + )  1 
v-0 W kl 
- 
1 i m  1 - A25 = - 
v W -0 k, 




1 i m  A37 = $- - % - 
e W v -0 W 
where 
* Limiting va 4 nd A35 a r e  not l i s t e d  here  s i n c e  t h e  
parameter F 
which allows ion of the indeterminancy i n  an obvious 
manner. 
W 




Note that these relations and others appearing in the various 
coefficients must be supplemented by limiting values of + and 
N S u . From Eq. (D-3) it is easy to show that 
S 
l i m  - Ys+ 
u = -  lim - - u = -  
VW"O s v W +-0 s cp 
which, for the choice of constants used here (i.e., ka = 4.9, 
l/k, = 2.43) leads to 
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TABLE I. BEHAVIOR OF CLOSURE RULES 
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FIGURE 1: EFFECT OF MACH NUMBER, WALL TEMPERATURE AND 
SUBLAYER EDGE VELOCITY RATIO ON THE C P  
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FIGURE 5: CLAUSER PLOT FOR C P  TRANSPIRED 
PROFI-LE DATA O F  REFERENCE 18 
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P R O F I L E  DATA O F  REFERENCE 19, Me w 2.0, w w 1 
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